Global model of a gridded-ion thruster powered by a radiofrequency inductive coil Phys. Plasmas 19, 073512 (2012) Optics of ion beams for the neutral beam injection system on HL-2A Tokamak Rev. Sci. Instrum. 83, 073307 (2012) Electron Bernstein waves are analyzed as possible candidates for heating spherical tokamaks. An inhomogeneous plane slab model of the plasma with a sheared magnetic field is used to calculate the linear conversion of the ordinary mode ͑O-mode͒ to the extraordinary mode ͑X-mode͒. A formula for the fraction of the incident O-mode energy which is converted to the X-mode at the O-mode cutoff is derived. This fraction is then able to propagate to the upper hybrid resonance where it is converted to the electron Bernstein mode. The damping of electron Bernstein waves at the fourth harmonic resonance, corresponding to a 60 GHz source on the Mega Amp Spherical Tokamak MAST ͓A. C. Darke et al.,
I. INTRODUCTION
Spherical tokamaks present a new challenge to heating and current drive schemes because of the high-plasma densities, and low magnetic fields. The Mega Amp Spherical Tokamak ͑MAST 1 ͒ will build on the success of the Small, Tight Aspect Ratio ͑START 2 ͒ and employ neutral beam heating. However, since the subject of spherical tokamaks is relatively new it is desirable to test other heating schemes, such as the high harmonic fast wave heating system to be used on the National Spherical Tokamak Experiment ͑NSTX 3 ͒. An alternative scheme which may be useful is electron cyclotron resonance heating, ECRH. Such a scheme is planned for MAST, since ϳ1.5 MW of radio frequency power is available with 60 GHz gyrotrons. For this reason our numerical results are obtained with MAST parameters. It is also clear that the conventional application of ECRH by relying on either the ordinary, O-mode, or extraordinary, X-mode is not very promising for spherical tokamaks for the following reasons. The harmonics which would be resonant near to the center of MAST ͑for a 60 GHz source͒ would be the third and fourth ͑see Fig. 1͒ . The damping of these harmonics would be extremely weak for both the O-mode and the X-mode and so central heating ͑and current drive͒ would be difficult and probably ineffective. The second harmonic X-mode, which is strongly absorbing, would be resonant on the high field side of MAST at r/aϷ0. 6 . Hence, heating in the outer regions would be possible but the central density would need to be less than ϳ3ϫ10 19 m Ϫ3 , the low density X-mode cutoff.
There is, however, another possibility which might allow the 60 GHz gyrotrons to be used much more effectively. This requires that the gyrotron power be coupled to electron Bernstein waves, which also deposit their energy at harmonics of the electron cyclotron frequency. The advantages of electron Bernstein waves are that they are not subject to any density limit and ͑as we shall see͒ they are strongly absorbed at high harmonics, as well as the fundamental and low harmonics. The disadvantage is that the excitation of electron Bernstein waves, which are predominantly electrostatic, is not straightforward.
Direct coupling to electron Bernstein waves is a possibility but, because of their short wavelength, impedance matching will be required. 4 A more promising approach involves linear mode conversion from the electromagnetic X-mode to the electron Bernstein wave at the upper hybrid resonance. There are two ways of achieving this. The first requires the X-mode to tunnel through the evanescent region between the low-density R-cutoff 5 and the upper hybrid resonance. It has been shown that this process can be optimized by taking account of the high-density L-cutoff 5 and considering the propagation of the X-mode in this triplet configuration, 6 i.e., the triplet formed by the three critical surfaces, R-cutoff, upper hybrid resonance and L-cutoff. The second way utilizes the so-called Z-hole effect, first discussed with reference to ionospheric propagation. 7 This requires the O-mode to impinge on its cutoff surface, where the wave frequency matches the local electron plasma frequency, with n ʈ 2 ϭ⍀ e /(ϩ⍀ e ) where ⍀ e ϵ͉ ce ͉, n ʈ ϭck ʈ /,k ʈ is the component of the wave vector in the direction of the equilibrium magnetic field and ce is thea͒ Electronic mail: c.n.l-d@ukaea.org.uk PHYSICS OF PLASMAS VOLUME 7, NUMBER 10 OCTOBER 2000 4126 1070-664X/2000/7(10)/4126/9/$17.00 electron cyclotron frequency including the sign of the charge. Under these conditions the O-mode cutoff is degenerate with the high density X-mode cutoff. As a result, the O-mode is totally converted to the X-mode, which is then able to propagate to lower density where it encounters the upper hybrid resonance and is, in turn, totally converted to an electron Bernstein wave. This mechanism was originally proposed for plasma heating by Preinhaelter and Kopecky. 8 It has recently been successfully demonstrated to produce heating in overdense plasmas on the W7-AS ͑Wendelstein-7͒ stellarator by Laqua et al. 9 and has been suggested as a possible heating scheme for NSTX by Batchelor and Bigelow. 10 The inverse process has also been proposed as a diagnostic of the electron temperature for MAST.
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Since electron Bernstein waves are not subject to a density limit and since they are absorbed strongly at the fundamental and all harmonics, there is a wide choice of frequencies. A proof of principle experiment will inevitably attempt to couple power to EBW's ͑electron Bernstein wave͒ at whatever frequency is locally available. However, in the longer term, overlap of adjacent harmonic resonances would be detrimental to electron Bernstein wave current drive ͑EB-WCD͒ and could be a problem in a future spherical tokamak power plant. Such harmonic overlap would be minimized by working at the fundamental. Hence, in addition to the harmonic resonance corresponding to the 60 GHz source presently available to MAST, we will also consider the excitation and absorption of electron Bernstein waves in the vicinity of the fundamental frequency.
In this paper, we concentrate on the O-X-EBW conversion process and in Sec. II extend the previous calculations to include the effect of magnetic shear which can be very strong in spherical tokamaks. These calculations are carried out for Ӎ4⍀ e and Ӎ⍀ e . Section III is concerned with the damping of electron Bernstein waves in the vicinity of the fourth harmonic resonance and the fundamental resonance. A summary and conclusions are given in Sec. IV.
II. THE O-X CONVERSION
The conversion of the O-mode to the X-mode at the plasma resonance was first considered for its application to plasma heating in Ref. 8 12 and by Mjolhus.
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The authors of Ref. 12 noted that after conversion the X-mode continues to propagate to higher densities until it reaches another critical point, where it is reflected; it then travels to lower density where it encounters the upper hybrid resonance. The reflection referred to in Ref. 12 does not occur at a cutoff, however, but is due to the X-mode changing from a backward wave ͑with group and phase velocities in opposite directions͒ to a forward wave. 14 There is complete reflection where the group velocity reverses and, assuming that tunneling between the upper hybrid resonance and the low-density cutoff is negligible, complete conversion to an electron Bernstein wave at the upper hybrid. This is best appreciated from a consideration of the Ϫk Ќ diagram, where k Ќ is the component of the wave vector perpendicular to the equilibrium magnetic field.
The cold plasma dispersion relation can be written in the form
where
and c j is the cyclotron frequency of species j ͑including the sign of the charge͒. p j is the plasma frequency of species j, n ʈ ϭck ʈ /, n Ќ ϭck Ќ / where k ʈ is the wave number parallel to the equilibrium magnetic field and k Ќ is the perpendicular wave number. Let us now obtain a solution of Eq. ͑1͒ in the vicinity of the O-mode cutoff where ϭ pe and where n Ќ ϭ0. We assume
and n Ќ Ӎ␦n Ќ . ͑6͒
Since we are concerned with the region near to cutoff we may neglect the n Ќ 4 term in Eq. ͑1͒, which is therefore, expressed in the form 
where ⍀ e Ͼ0. We now impose the additional constraint that
which is the high-density cutoff condition for the X-mode. Since we have already assumed that ϭ pe , this gives a critical value for n ʈ given by
Hence, substituting Eqs. ͑5͒, ͑6͒, and ͑9͒ into Eq. ͑7͒ we obtain
This enables the Ϫk Ќ diagram to be obtained for k ʈ ϭk cr which is shown in Fig. 2 . k cr is defined by Eq. ͑9͒. It is clear that the X-mode is a backward wave in the vicinity of the degenerate cutoff at ϭ pe . However, the X-mode must eventually connect to the upper hybrid resonance and hence must pass through a minimum where d/dk Ќ ϭ0 and the X-mode becomes a forward wave.
Let us now analyze this process in an inhomogeneous plasma in a sheared magnetic field. We consider a plane slab model in which the direction of inhomogeneity is in the x direction. The magnetic field and the plasma density both vary with x. We suppose that the radiation reaches the surface where ϭ pe , at an angle near to the critical condition for total conversion from the O-to the X-mode. The axes may be chosen so that, at the value of x where ϭ pe , the magnetic field is in the z direction. Magnetic shear is introduced as follows. The coordinates (x,y,z) will be assumed to be fixed and oriented as above at the critical surface. An x-dependent system (xЈ,yЈ,zЈ) will be oriented with the zЈ axis along the magnetic field. If (x) is the rotation angle, then
and all other vector quantities are related in the same way. By definition (0)ϭ0, and we shall assume that in the region of interest is small. In this case we can take cos Ϸ1, and sin Ϸ in Eq. ͑11͒. We allow for a y component of the wave vector, but since total conversion to the X-mode only occurs for k y ϭ0, we assume that k y is small so that we have from Eq. ͑11͒
where products of small quantities are neglected. In the rotated frame the local dielectric tensor takes the usual form and if we then express primed quantities in terms of unprimed quantities, we get, to lowest order,
͑13͒
In the vicinity of the critical surface, n x is small so that we may again neglect terms which are quadratic in n y and n x . The middle line of Eq. ͑13͒ gives
Using Eq. ͑14͒ and the other two lines of Eq. ͑13͒, we obtain
where products of , n y , n x , and ʈ have all been neglected. 
If we take xϭ0 at the point where ϭ pe , then we have ʈ ϷϪx/L n with L n a scale length associated with the density gradient. If ␦ is the mismatch in n z compared to the critical value n cr ϭ( Ќ ϩ xy ) 1/2 at xϭ0 (␦ϭn z Ϫn cr ), then Eqs. ͑17͒ and ͑18͒ take the following form in the critical region:
where the scale length of the magnetic shear has been introduced by taking Ϸx/L near xϭ0. Let us now follow previous work and calculate the transmission coefficient using a WKB method. Assuming a solution in the form exp(Ϯi͐ x k(xЈ)dxЈ) in Eqs. ͑19͒ and ͑20͒, we obtain
͑22͒
If the roots of the quadratic, Eq. ͑21͒ are a and b, and assuming that ␣ is positive, we may write k 2 ϭ␣(xϪa)(x Ϫb). The energy transmission coefficient T is given by T ϭexp(Ϫ2) where
Using the result
and Eq. ͑22͒, we obtain
͑25͒
Substituting the explicit values of the roots a and b of Eq. ͑21͒, and introducing the ratio rϭL n /L , Eq. ͑25͒ becomes
For zero shear, rϭ0, the expression given in Eq. ͑26͒ is in agreement with Eq. ͑19͒ of Mjolhus for the case ␣ϭ/2. While 60 GHz, which corresponds to the fourth harmonic on MAST, is a common frequency for gyrotron systems, it might be advantageous to use lower frequencies if a new system were being designed. For this reason, and for comparison, results are now presented for a frequency of 15 GHz corresponding to the fundamental frequency on MAST, close to the magnetic axis. These results are shown in Figs. 9 and 10. In Fig. 9 , L n ϭ0.1 m and in Fig. 10 , L n ϭ0.5 m. In both cases, n y ϭ0.03, but as before, smaller values of ␦ are used for the larger length scale. In this case, the transmission is more sensitive to the magnetic shear. Contour plots of the transmission are shown in Figs. 11 and 12 in which n y varies between Ϫ0.1 and 0.1 along the x axis and ␦ varies between the same limits in the y direction. The frequency was taken to be close to the fundamental and L n ϭ0.2 m. The case without shear is shown in Fig. 11 whereas the parameter r ϭ1 in Fig. 12 . It can be seen that the main effect of shear is to tilt the diagram, but the size of the window through which significant transmission is obtained is not changed greatly.
III. THE DAMPING OF ELECTRON BERNSTEIN WAVES
Electron Bernstein waves are very short wavelength modes which are strongly damped near to a harmonic resonance. In order to quantify the absorption properties of electron Bernstein waves we have solved the full hot plasma, electromagnetic dispersion relation for waves propagating obliquely to a uniform magnetic field in a uniform plasma. The dispersion relation is standard and is obtained, for example, from Stix. 5 We have used the nonrelativistic electron susceptibility tensor since we include a significant value of k ʈ and the absorption is due mainly to the Doppler shifted cyclotron resonance mechanism. The values chosen for k ʈ are guided by the value required for the O-X conversion process.
For a 60 GHz source on MAST the upper hybrid resonance can be chosen to lie between the fourth and fifth electron cyclotron harmonic resonances. The mode converted electron Bernstein wave will propagate from the upper hybrid resonance to the fourth harmonic resonance. Hence we apply the electron Bernstein wave root solver to a plane slab geometry in which the magnetic field varies as a function of x ͑the radial direction͒ but the density and temperature are assumed to be constant. The real and imaginary parts of the perpendicular refractive index, n Ќ , are calculated as a function of the parallel refractive index, n ʈ , the ratio of the cyclotron frequency to the wave frequency and the ratio of the density to the O-mode cut-off density. The results for the region of the fourth harmonic are shown in Figs. 13-16 . Figure 13͑a͒ shows the variation of the electron cyclotron frequency divided by the wave frequency as a function of normalized distance. The ratio of the density ͑constant͒ to the O-mode cutoff density is shown in Fig. 13͑b͒ . The electron temperature, which is also independent of the spatial variable, is given in Fig. 13͑c͒ , and Fig. 13͑d͒ shows the value of n ʈ . The real and imaginary parts of n Ќ are given in Figs. 13͑e͒ and 13͑f͒ . In Figs. 14-16 only the real and imaginary parts of n Ќ are shown since the magnetic field, density and temperature are the same as in Fig. 13 . The only change of parameter in Figs. 14-16 is that n ʈ takes the values 0.5, 0.7, and 0.9, respectively. The critical value of n ʈ for the O-X conversion is ϳ0.43. Using the parameters of MAST, we can translate the normalized units of Figs. 13-16 into physical values. Thus making use of the usual expression for the toroidal magnetic field, B 0 R 0 /R, with B 0 ϭ0.63 tesla and R 0 ϭ0.7 m, we note that one spatial unit in Fig. 13͑a͒ corresponds to 0.071 m. For a frequency of 60 GHz the density corresponds to 6.75 ϫ10 19 m
Ϫ3 . An approximate estimate of the strength of the damping can be obtained by using the plots of Im n Ќ . Note that Im n Ќ Ͻ0, corresponding to the backward wave nature of the electron Bernstein wave. The absorption is given by exp(Ϫ n ) where n is the optical depth, n ϭ2͐ Im k Ќ (x)dx and the subscript n refers to the particular harmonic. The magnitude of the optical depth corresponding to the fourth harmonic can be obtained graphically from Fig. 13͑f͒ ͑say͒ by estimating the triangular area between the curve and the horizontal and vertical axes. Thus, for a frequency of 60 GHz we obtain 4 Ϸ1400. This is typical of all the cases that we have considered, both for Ӎ4⍀ e , Ӎ⍀ e and for higher densities. Such enormous optical depths mean that the electron Bernstein wave would be totally absorbed well before it reached the center of the resonance region. This, in turn, means that the absorbing electrons would be those with large values of velocity parallel to the equilibrium magnetic-field, v ʈ , all with the same sign. This property of electron Bernstein waves makes them very good candidates for efficient current drive, both on and off axis.
IV. SUMMARY AND CONCLUSIONS
Since the O-mode and X-mode are not suitable for heating the high density, low magnetic-field discharges characteristic of spherical tokamaks, we have analyzed the prospects for electron Bernstein wave heating of these devices, and we have considered the case of MAST as a specific example. As MAST has ϳ1.5 MW of gyrotron power at 60 GHz available, we have used this frequency in a number of the calculations. However, since electron Bernstein waves do not have a density limit and are strongly damped at high harmonics as well as at the fundamental and low harmonics, these waves offer considerable flexibility in the choice of frequency. We have, therefore, also carried out calculations of excitation and absorption of electron Bernstein waves at the fundamental.
The principal problem faced by electron Bernstein wave heating is that of coupling an external source to these short wavelength electrostatic waves. The most promising mecha- nism is through linear mode conversion at the upper hybrid resonance, for which there are two schemes. The first involves the tunneling of the X-mode through the evanescent region between the low density cutoff and the upper hybrid resonance, which has been analyzed in some detail in Refs. 4 and 6. In this paper we have concentrated on the second approach, first proposed for plasma heating in Ref. 8 . The second approach involves the linear conversion of the O-mode to the X-mode at the O-mode cutoff where ϭ pe . For a critical value of n ʈ the high density X-mode cutoff coincides with the O-mode cutoff, resulting in a one hundred per cent transfer of the incident O-mode energy to the X-mode. The X-mode can then propagate unimpeded to the upper hybrid resonance and convert to the electron Bernstein wave as in the first case.
It is worth commenting that the two coupling schemes which rely on linear mode conversion are complementary in the following sense. In order for the X-mode to convert to the electron Bernstein wave at the upper hybrid resonance it must tunnel through the evanescent layer between the lowdensity cutoff and the resonance. On the other hand, for the O-X-EBW coupling scheme, the X-mode approaches the upper hybrid resonance from the higher density plasma resonance. In this case, total conversion of the X-mode to the electron Bernstein wave requires that there be no tunneling through the low density evanescent region. Since the tunneling properties of this region depend on its density gradient, the two schemes provide a certain flexibility of choice depending on the eventual profile.
Previous calculations of this process have been extended by including the effect of magnetic shear which can be very strong in spherical tokamaks. It was found that the size of the transmission window was hardly changed by the presence of magnetic shear.
In spherical tokamaks, the poloidal magnetic field can be comparable to or greater than the toroidal field in the outer regions of the plasma on the outboard side. For example, when the plasma current in MAST is of the order of or greater than 1 MA, the total magnetic field is nonmonotonic The prospects for electron Bernstein wave heating . . . in this region. This feature makes it possible for an electron Bernstein wave to be absorbed at a centrally located electron cyclotron harmonic resonance, e.g., Ӎ3⍀ e , without passing through another harmonic resonance in the outer regions. A feature of the damping of electron Bernstein waves is the extremely large optical depths of the fundamental and harmonic resonances ( n տ10
3 ). This is extremely promising for current drive, both on-and off-axis, since it implies that the wave energy is absorbed in a small region on one side of the resonance, where the absorbing electrons would all have large values of the parallel velocity and would all be traveling in the same direction along the magnetic field.
In order to couple efficiently to electron Bernstein waves, as already demonstrated on the W7-AS stellarator, 9 it is necessary to design a high-frequency launch system which can be aligned very precisely with respect to the equilibrium magnetic field in order to achieve the required narrow spectrum of n ʈ incident on the critical surface. A diagnostic system designed to detect electron cyclotron emission produced by the inverse of the O-mode to X-mode to electron Bernstein wave conversion would be helpful in identifying the optimum launch conditions. A further important question concerns the evolution of n ʈ in a toroidal plasma since this determines the absorption region and the parallel velocities of the resonant electrons. Clearly, a toroidal ray tracing code is required to elucidate this question.
